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CUBIC HYPERSURFACES WITH POSITIVE DUAL DEFECTS
KATSUHISA FURUKAWA
Abstract. We show that if a cubic hypersurface with positive dual defect over
the complex number field is not a cone, then either the hypersurface coincides
with the secant variety of the singular locus, or the hypersurface contains a
linear subvariety of dimension greater than the dual defect such that the in-
tersection of the singular locus and a general contact locus is contained in the
linear subvariety.
1. Introduction
Let X ⊂ PN be a projective variety over the complex number field C. The
number δX := N − 1− dim(X
∗) is called the dual defect of X , where X∗ ⊂ (PN)∨
is the dual variety, the variety of hyperplanes tangent to X . Typical examples of
X with δX > 0 are cones, joins, and secants of some varieties. For a reference, see
[2].
Now let us consider a cubic hypersurface X ⊂ PN with δX > 0. Then X is
singular, and the secant variety of the singular locus,
Sec(Sing(X)) :=
⋃
x,y∈Sing(X)
〈 xy 〉 ⊂ PN ,
is contained in X . (This is because, if the line 〈 xy 〉 ⊂ PN is not contained in X for
singular points x, y, then the length of 〈 xy 〉 ∩X is > 4, contrary to deg(X) = 3.)
F. L. Zak [11, IV, §5] classified smooth projective varieties of codegree 3; in
particular, if X is a cubic hypersurface with δX > 0 such that the deal variety X
∗
is smooth, then X is one of the following; (1) the 3-fold in P4 which is the image of
the composition of the Segre embedding P1 × P2 →֒ P5 and the linear projection
P5 99K P4 from a point of P5\(P1×P2), (2) the secant variety of a Severi variety, or
(3) a general hyperplane section of the secant variety of a Severi variety. Secants
of Severi varieties are also known as the hypersurfaces defined by homaloidal EKP
cubic polynomials. See [1, Theorem 3].
J.-M. Hwang [7] characterized secants of Severi varieties as cubic hypersurfaces
X ⊂ PN with nonzero Hessians having large automorphism groups; the condition
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is expressed in the context of the (first) prolongation aut(Xˆ)(1) of the Lie algebra
aut(Xˆ) of infinitesimal linear automorphisms. For references, see also [8], [3], [4].
We have δX > 0 for a cubic hypersurface X with nonzero Hessian and aut(Xˆ)
(1) 6=
0, due to [7, Corollary 4.5].
On the other hand, δX > 0 holds for hypersurfaces X ⊂ PN with vanishing
Hessians. U. Perazzo [9] investigated cubic hypersurfaces with vanishing Hessians,
which are not cones. Such cubic hypersurfaces give examples of X whose singular
loci are linear varieties; in particular, Sec(Sing(X)) 6= X . R. Gondim and F. Russo
[5] investigated cubic hypersurfaces with vanishing Hessians after Perazzo, and
gave the classification for N 6 6. R. Gondim, F. Russo, and G. Stagliano` [6]
recently gave a general construction of hypersurfaces with vanishing Hessians based
on the dual Cayley trick. For a reference, see also [10, Chapter 7].
In this paper, we study cubic hypersurfaces with positive dual defects even in
the case when dual varieties are singular. We denote by γ : X 99K X∗ ⊂ (PN)∨
the Gauss map of X , which is a rational map sending a smooth point x ∈ X to
the embedded tangent space TxX ⊂ PN . The fiber of γ at T ∈ X∗ is called the
contact locus on X of T . Our main result is:
Theorem 1.1. Let X ⊂ PN be a cubic hypersurface with δX > 0 and assume that
X is not a cone. Then exactly one of the following holds.
(I) X = Sec(S) for an irreducible component S of Sing(X).
(II) X = Join(Q1, Q2) :=
⋃
x∈Q1,y∈Q2
〈 xy 〉, where Qi is a smooth quadric hy-
persurface of 〈Qi 〉 = PdimQi+1 ⊂ PN with i = 1, 2 such that Q1 ∩ Q2 =
〈Q1 〉 ∩ 〈Q2 〉 = {z0} for a point z0 ∈ PN ; in this case, we have δX = 1.
(III) There exists a linear variety P ⊂ X of dimension > δX such that γ−1(γ(x))∩
Sing(X) ⊂ P for general x ∈ X; in this case, X 6= Sec(Sing(X)).
As we have seen above, examples of (I) are given by the secant of a Severi va-
riety and a general hyperplane section of it. More generally, we can also take the
intersection of the secant of a Severi variety and some possibly special hyperplanes
since X∗ do not need to be smooth. Examples of (III) are given by cubic hypersur-
faces with vanishing Hessians. In the case of (II), the join X has nonzero Hessian;
see Example 2.20 for an explicit calculation of X .
The paper is organized as follows. In §2.1, we calculate the defining equation of
X explicitly in the case when dim(Sing(X)) = N − 2. After that, we may assume
dim(Sing(X)) < N − 2. From §2.2 to §3.2, we investigate the case when the dual
defect δX = 1. Then the fiber F = γ−1(γ(x)) ⊂ X of the Gauss map γ at a general
point x ∈ X is a line intersecting Sing(X) (see Remark 2.1).
In §2.2, we consider the locus of intersection points γ−1(γ(x)) ∩ Sing(X) with
general x ∈ X , and take Z1, . . . , Zκ to be the irreducible components of the closure
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of the locus. Focusing on a relationship between F and a point w ∈ Zk ∩TxX , we
give a key technical result describing fibers of γ near F (Proposition 2.15). In §2.3,
we characterize cubic hypersurfaces which are joins of subvarieties (Theorem 2.17).
This implies that if X = Sec(Sing(X)), then either (I) or (II) of Theorem 1.1 holds
(see Remark 2.23).
In §3, in order to discuss the condition (III) of Theorem 1.1, we study the
case when Sec(Sing(X)) 6= X and δX = 1. Then κ = 1 and that we write
Z = Z1. The goal is to show that the linear subvariety 〈Z 〉 ⊂ PN spanned by Z
is indeed contained in X (Theorem 3.1). We argue by contradiction, and suppose
〈Z 〉 6⊂ X . Then, in §3.1, we show Conew(Z) 6⊂ Sing(X) for general w ∈ Z
(Proposition 3.3). In §3.2, cutting with tangent hyperplanes T ∈ γ(Conew(Z)),
we analyze the structure of an (N − 2)-dimensional cone Cw ⊂ X . As a result,
Theorem 3.1 is proved.
In §4, we study the case of any δX > 0. From the case of δX = 1 and by induction
on δX , we show a slightly weaker version of the main result (Proposition 4.1). Also
by induction, it holds that 〈Z 〉 is not a δX -plane if Sec(Sing(X)) 6= X . Then we
finish the proof of Theorem 1.1.
2. Singular points, dual defects, and Gauss maps
Let X ⊂ PN be a cubic hypersurface, and let γ : X 99K X∗ ⊂ (PN)∨ be the
Gauss map defined by γ(x) = TxX ∈ (PN)∨. We consider the closure F ⊂ X of a
general fiber of γ. Note that dimF = N − 1− dim(X∗) = δX . It is known that F
is a linear variety, in particular, is irreducible. See [2], [11, I, Theorem 2.3(c)].
Remark 2.1. From [11, I, Theorem 1.7], it holds that
codim(F ∩ Sing(X), F ) = 1
for the closure F ⊂ X of a general fiber of γ. In particular, X must be a cone if
dim(Sing(X)) < δX .
2.1. Singular locus of codimension one. In this subsection, we study the case
when the dimension of Sing(X) is maximum.
Proposition 2.2. Let X ⊂ PN be a cubic hypersurface which is not a cone.
Assume dim(Sing(X)) = N − 2. Then δX > 0 if and only if (N, δX) = (4, 1) and
X is projectively equivalent to (x0x1x2 + x
2
0x4 + x
2
1x3 = 0) ⊂ P
4; in this case, the
singular locus is a 2-plane.
The above 3-fold in P4 is the image of P1 × P2 under the composite morphism
of the Segre embedding P1 × P2 →֒ P5 and the linear projection P5 99K P4 from a
point of P5 \ (P1 × P2), which is the dual variety of (I) of [11, IV, Theorem 5.2].
See also [2, 2.2.9]. It is known that this 3-fold is a hypersurface with vanishing
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Hessian. For more details, see [5, Theorem 4.2], [10, Theorem 7.6.7]. In order to
prove the proposition, let us show the following two lemmas.
Lemma 2.3. The statement of Proposition 2.2 holds if there exists an (N − 2)-
plane M of PN contained in Sing(X).
Proof. Choosing the homogeneous coordinates [ x0 : x1 : · · · : xN ] on PN , we
my assume M = (x0 = x1 = 0). Then the defining equation of X is written
as F = x0f + x1g with some homogeneous polynomials f, g of degree 2. We
write Fxi = ∂F/∂xi, and so on. Since M ⊂ Sing(X), we have Fxi|M = 0. Since
Fx0 = f +x0fx0 +x1gx0, we have f |M = 0; hence f = x0f
′+x1f
′′ with some linear
homogeneous polynomials f ′ and f ′′. In the same way, g = x0g
′ + x1g
′′. There-
fore, we can write F = x0x1l1 + x
2
0l2 + x
2
1l3 with linear homogeneous polynomials
l1, l2, l3 ∈ k[x0, . . . , xN ].
Since X is not a cone, and since F is generated only by 5 linear polynomials
x0, x1, l1, l2, l3, we have N 6 4; moreover, changing the homogeneous coordinates
on PN , we have
F = x0x1x2 + x
2
0x4 + x
2
1x3
if N = 4, and
F = x0x1x2 + x
2
0x3 + x
2
1l or F = x0x1l + x
2
0x3 + x
2
1x2
with a linear polynomial l ∈ C[x0, x1, x2, x3] if N = 3. In the case of N = 4, it
holds δX = 1; for an explicit calculation, see Example 2.6 below. In the case of
N = 3, we can also check δX = 0 directly.
For example, we consider the case of N = 3 and F = x0x1x2 + x
2
0x3 + x
2
1l.
Taking x0 = 1 and x3 = ϕ := −x1x2 − x
2
1l, we have that ι : A
2 →֒ X ⊂ P3 is
defined by (x1, x2) 7→ (1, x1, x2, ϕ). Then Tι(x)X is equal to the 2-plane spanned
by the 3 points corresponding to the row vectors of the matrix,
1 x1 x2 ϕ0 1 0 ϕx1
0 0 1 ϕx2

 .
This is transformed to the following matrix under elementary row operations,
1 0 0 ϕ− x1ϕx1 − x2ϕx20 1 0 ϕx1
0 0 1 ϕx2

 .
Then γ ◦ ι : A2 →֒ X 99K (P3)∨ is given by
(x1, x2) 7→ (ϕ− x1ϕx1 − x2ϕx2, ϕx1, ϕx2) ∈ A
3 ⊂ (P3)∨.(1)
Since[
(ϕ− x1ϕx1 − x2ϕx2)x1 , ϕx1x1, ϕx2x1)
(ϕ− x1ϕx1 − x2ϕx2)x2 , ϕx1x2, ϕx2x2)
]
=
[
∗ ∗ −1− 2x1lx2
∗ −1− 2x1lx2 0
]
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with lx2 = ∂l/∂x2 ∈ C, and since (−1 − 2x1lx2)
2 6= 0 for general x ∈ A2, the rank
of the linear map dι(x)γ : Tι(x)X → Tγ(ι(x))(P3)∨ between Zariski tangent spaces is
equal to 2. Hence dim(γ(X)) = 2, i.e., δX = 0. 
Lemma 2.4. Let S ⊂ PN be a projective variety such that dimSec(S) = dimS+1.
Then Sec(S) is a linear variety.
Proof. For general x ∈ S, we have Sec(S) = Conex(S). Fix a general point
x0 ∈ S, and consider the linear projection π = πx0 : P
N \ {x0} → PN−1. Set
S ′ = π(S) = π(Conex0(S)) = π(Sec(S)) ⊂ P
N−1.
For general x′ = π(x) ∈ S ′ with x ∈ S, we have Conex′(S
′) = π(Conex(S)) =
π(Sec(S)) = S ′. This means that S ′ is a linear variety. Hence the preimage of S ′
under π, which coincides with Sec(S), is a linear variety. 
Proof of Proposition 2.2. Let X be a cubic hypersurface which is not a cone. Let
S ⊂ Sing(X) be an irreducible component such that dimS = N−2. If Sec(S) = X ,
then it follows from Lemma 2.4 that X must be a hyperplane, a contradiction.
Thus Sec(S) = S, i.e., S is an (N − 2)-plane. From Lemma 2.3, we have the
result. 
Remark 2.5. Let X ⊂ P3 be a cubic surface with δX > 0. Then X is a cone.
This is because, it follows from Proposition 2.2 that dim(Sing(X)) = 0; then X is
a cone as in Remark 2.1.
Example 2.6. Let X ⊂ P4 be the cubic 3-fold defined by (x0x1x2+x20x4+x
2
1x3 =
0) as in Proposition 2.2. We consider the locus Z ⊂ Sing(X) of intersection points
γ−1(γ(x)) ∩ Sing(X) with general x ∈ X . Then Z is the conic (x22 − 4x3x4 = 0) in
the 2-plane Sing(X) = (x0 = x1 = 0) ⊂ P4, as follows.
Taking x0 = 1, we have a morphism ι : A3 →֒ X ⊂ PN sending
(x1, . . . , x3) 7→ [ 1 : x1 : · · · : x3 : ϕ ] with ϕ := −x1x2 − x
2
1x3.
In the same way as the formula (1) in the proof of Lemma 2.3, the Gauss map
γ ◦ ι : A3 → A4 ⊂ (P4)∨ is described by
(x1, . . . , x3) 7→
(ϕ−
∑
xiϕxi , ϕx1, . . . , ϕx3) = (x1x2 + 2x
2
1x3,−x2 − 2x1x3,−x1,−x
2
1).
Take general numbers a, b ∈ C and consider the formula b = −x2 − 2ax3. Setting
α = (−ab, b,−a,−a2) ∈ A4, we have (γ ◦ ι)(a,−b− 2ax3, x3) = α for each x3 ∈ C.
Taking u = x3, we have that the fiber γ−1(α) ⊂ X is the line parameterized by
the morphism P1 → P4,
[ t : u ] 7→ [ t : at : −bt− 2au, u : abt + a2u ].
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Therefore γ−1(α) ∩ Sing(X) = [ 0 : 0 : −2a : 1 : a2 ]. Hence Z is the conic
(x22 − 4x3x4 = 0) ⊂ P
2.
2.2. Singular points and general fibers of the Gauss map. The goal of
this subsection is to show Proposition 2.15, which plays important roles in later
discussions.
Let X ⊂ PN be a cubic hypersurface which is not a cone. Assume δX = 1. Then
the closure F ⊂ X of a general fiber of the Gauss map γ is a line intersecting
Sing(X) (see Remark 2.1). We consider irreducible closed subsets Z1, . . . , Zκ ⊂
Sing(X) as follows.
Definition 2.7. Let X◦ ⊂ X be a non-empty open subset consisting of smooth
points x of X such that γ−1(γ(x)) is a line. We set
Zˆ = { (x, z) ∈ X◦ × Sing(X) | z ∈ γ−1(γ(x)) }
with the projection pri from Zˆ to the i-th factor (i = 1, 2). Let Z1, . . . ,Zκ be the
irreducible components of Zˆ with an integer κ > 1. By shrinking X◦ if necessarily,
we may assume that pr1|Zk : Zk → X
◦ is dominant for each 1 6 k 6 κ. Since
pr1|Zk is generically finite, it follows dimZk = N − 1.
We set Zk ⊂ Sing(X) to be the closure of the image of pr2|Zk : Zk → Sing(X).
For general x ∈ X and for each k, the intersection γ−1(γ(x)) ∩ Zk 6= ∅ and
γ−1(γ(x)) ∩ Sing(X) =
⋃
16k6κ
γ−1(γ(x)) ∩ Zk.
For general z ∈ Zk, we set
Xz = pr1(pr
−1
2 (z)) ⊂ X,
which consists of general fibers of γ passing through z; in particular, Xz is a cone
with vertex z. Since z /∈ Zk′ for all k
′ 6= k, each irreducible component of Xz is of
dimension N − 1− dimZk.
Remark 2.8. We have dimZk > 0 since X is not a cone. If Sec(Zk) 6= X , then
γ−1(γ(x)) ∩ Zk is the set of a point for general x ∈ X .
Remark 2.9. It holds κ = 1 if X 6= Sec(Sing(X)). This is because, in the case of
κ > 2, since the closure of a general fiber of γ intersects Zk for each 1 6 k 6 κ,
we have X = Join(Zk1, Zk2) for k1 6= k2 and then X = Sec(Sing(X)).
An explicit calculation of Z = Z1 with X 6= Sec(Sing(X)) have been seen in
Example 2.6.
We often use the following description of lines and singular points of X .
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Lemma 2.10. Let s1, s2 ∈ Sing(X) and let l1 ⊂ X be a line such that s1 ∈ l1 and
s2 /∈ l1. Set M = 〈 l1s2 〉 ⊂ PN , the 2-plane spanned by l1 and s2. If M 6⊂ X, then
one of the following holds.
(i) Sing(X ∩ M) is the line 〈 s1s2 〉, and X ∩ M is set-theoretically equal to
〈 s1s2 〉 ∪ l1.
(ii) Sing(X ∩M) is the set of 3 points { s1, s2, l1 ∩ l2 }, and X ∩M is equal to
〈 s1s2 〉 ∪ l1 ∪ l2, where l2 ⊂M is a line such that s2 ∈ l2 and s1 /∈ l2.
Proof. We have 〈 s1s2 〉 ∪ l1 ⊂ X ∩ M . Assume that (i) does not hold. Since
deg(X ∩M) = 3 and s2 ∈ Sing(X ∩M), there exists a line l2 ⊂ X ∩M passing
through s2 such that l2 6= 〈 s1s2 〉. Then the condition (ii) holds. 
Lemma 2.11. Let x ∈ X be a general point such that F := γ−1(γ(x)) ⊂ X is a
line. Let w ∈ Sing(X) ∩ TxX \ F . Then 〈 xw 〉 ⊂ 〈Fw 〉 ⊂ X.
Proof. Assume M := 〈Fw 〉 6⊂ X , and take z ∈ F ∩ Sing(X). Then w, z ∈
Sing(X ∩ M). Since M ⊂ TxX = Tx˜X for any x˜ ∈ F \ Sing(X), we have
F ⊂ Sing(X ∩M), which contradicts Lemma 2.10. 
Note that Sing(X) 6⊂ TxX for general x ∈ X since X is not a cone. We next
consider the cone Xz ⊂ X given in Definition 2.7.
Lemma 2.12. In the setting of Lemma 2.11, take a point z ∈ F ∩ Z1, a general
point w ∈ Z1∩TxX\F , and the 2-plane M := 〈Fw 〉 ⊂ X. Let x˜ ∈M \(Sing(X)∪
〈wz 〉 ∪ F ) and assume that the line 〈 x˜z 〉 ⊂ M is contracted to a point under γ.
Then M ⊂ Xz.
Before proving the above lemma, we prepare a notation.
Definition 2.13. Let X◦ ⊂ X be a non-empty open subset consisting of smooth
points of X . Then we set
Cˆ = { (x, w) ∈ X◦ × Z1 | w ∈ TxX }
with the projection pri from Cˆ to the i-th factor (i = 1, 2). By shrinking X
◦ if
necessarily, we may assume that pr1|C : C → X
◦ is dominant for each irreducible
component C ⊂ Cˆ. Considering a general (x, w) ∈ C which is not contained in
any other irreducible components of Cˆ, since the fiber of pr1 at x is isomorphic to
Z1 ∩ TxX , we have dimC = N + dim(Z1)− 2.
For general w ∈ Z1, we set C
◦
w ⊂ X to be an irreducible component of
pr1(pr
−1
2 (w)) = { x ∈ X
◦ | w ∈ TxX }.
It follows from Lemma 2.11 that Cw := C◦w ⊂ X is a cone with vertex w, where
dimCw = N − 2. Then X is swept out by Cw’s with general w ∈ Z1, that is, X is
equal to the closure of the union of Cw’s with general w ∈ Z1.
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For a linear variety A ⊂ PN , we denote by A∗ ⊂ (PN)∨ the set of hyperplanes
containing A. Then A∗ is an (N − 1− dimA)-plane of (PN)∨.
Remark 2.14. We have dim(γ(Cw)) = N − 3; in particular, Cw is swept out by
lines γ−1(γ(u)) with general u ∈ Cw.
The reason is as follows. Since dimX∗ = N − 2 and γ(Cw) ⊂ X
∗ ∩w∗, we have
dim γ(Cw) 6 N − 3. Since Cw’s sweep X , a general point u ∈ Cw is general in
X , that is, γ−1(γ(u)) is a line. Considering γ|Cw , we have γ
−1(γ(u)) ⊂ Cw and
dim(γ(Cw)) = N − 3.
Proof of Lemma 2.12. We may take (x, w) as a general pair in Cˆ, and set F =
γ−1(γ(x)) ⊂ X . Then M ⊂ Cw. Set F˜ = 〈 x˜z 〉 ⊂ M . By assumption, we have
F˜ 6= 〈wz 〉 and F˜ 6= F . Let l1, l2 ⊂ M be two general lines passing through w,
and fix a general point αi ∈ li for i = 1, 2. Then γ(li) ⊂ (TαiCw)
∗ in (PN)∨.
(This is because, since Cw is a cone with vertex w, TαiCw = TyCw ⊂ TyX for
general y ∈ li.) Since dimCw = N − 2, we have dim((TαiCw)
∗) = 1, which implies
that γ(li) is indeed the line (TαiCw)
∗. On the other hand, since M = P2, we
have li ∩ F 6= ∅ and li ∩ F˜ 6= ∅. Then γ(li) = 〈 γ(F )γ(F˜ ) 〉 in (PN)∨. Therefore,
γ(l1) = γ(l2). By the generality of choices of l1, l2, we have dim γ(M) = 1.
Since dim γ(M) = 1, the line E := γ−1(γ(y)) is contained in M for general
y ∈ M . Then F ∩ E = {s} and F˜ ∩ E = {s˜} with some s, s˜ ∈ Sing(X). We have
s = s˜ (otherwise, y ∈ E = 〈 ss˜ 〉, contradicting the generality of y), and then the
point is equal to the intersection point z of F and F˜ . It follows y ∈ Xz. Therefore
M ⊂ Xz. 
Now let us show the following key technical result, where Z1 ⊂ Sing(X) and
Xz ⊂ X are as in Definition 2.7.
Proposition 2.15. Let X ⊂ PN be a cubic hypersurface with δX = 1, which is
not a cone. Assume that Z1 is non-linear and Sec(Z1) 6= X. For a general point
z ∈ Z1, assume that Z1 is swept out by Z1 ∩ TxX’s with general x ∈ Xz. Let
F ⊂ X be the closure of a general fiber of γ passing through z. For a smooth point
x ∈ F and for general w ∈ Z1 ∩ TxX, we set M = 〈wF 〉, which is a 2-plane
contained in X as in Lemma 2.11. Then we have M ⊂ Xz. (Hence M consists of
fibers of γ near F passing through z.)
Note that, though Z1 is swept out by Z1∩TxX ’s with general x in X , the same
statement does not always hold with general x in “Xz” (see Remark 2.21). Thus
the assumption in the proposition is necessary.
Proof of Proposition 2.15. Let z ∈ Z1 be general. For general x ∈ Xz, we consider
Cone〈xz 〉(Z1 ∩ TxX) ⊂ PN ,(2)
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which is a cone with vertex 〈 xz 〉, and is in fact contained in X by Lemma 2.11
since it is the closure of the union of 2-planes 〈wxz 〉’s with general w ∈ Z1∩TxX .
Claim 2.16. The above cone (2) is of dimension dim(Z1) + 1.
Proof. Set r = dim(Z1). For general x ∈ Xz, the intersection Z1 ∩ TxX is not a
cone with vertex z. Otherwise, since Z1 is swept out by Z1 ∩ TxX ’s with general
x ∈ Xz, the locus Z1 is itself a cone with vertex z; by the generality of z, it means
that Z1 is a linear variety, a contradiction.
Thus dim(Conez(Z1∩TxX)) = r. Since Sec(Z1) 6= X , we have Xz 6⊂ Conez(Z1).
Thus x /∈ Conez(Z1), which implies that the cone (2) is of dimension r + 1. 
Let X◦ ⊂ X be a non-empty open subset consisting of smooth points, and let
H ⊂ PN be a general hyperplane such that z /∈ H . Then γ(Xz) = γ(Xz ∩H) and
Xz = Conez(Xz ∩H). We consider
Y :=
⋃
x∈X◦z∩H
Cone〈xz 〉(Z1 ∩ TxX) ⊂ X.
In addition, we set
I = { (x, p, w) ∈ (X◦z ∩H)×X × Z1 | w ∈ Z1 ∩ TxX \ 〈 xz 〉 and p ∈ 〈wxz 〉 }
and
J = { (x, p) ∈ (X◦z ∩H)×X | p ∈ Cone〈xz 〉(Z1 ∩ TxX) },
with the projection ρ : I → J sending (x, p, w) 7→ (x, p) and the projection
ϕ : J → Y sending (x, p) 7→ p.
Since the fiber of J → Xz ∩H : (x, p) 7→ x at x ∈ Xz ∩H corresponds to the
cone (2), and since dimXz = N − 1− dimZ1, we have dim J = N − 1. Since X is
not a cone, we have dimY < N − 1. Thus each irreducible component of a fiber
of J → ϕ(J) = Y is of dimension > 1.
Let x ∈ Xz be a general point. For general w ∈ Z1 ∩ TxX , we take A ⊂ I to
be an irreducible component of ρ−1(ϕ−1(x)) such that (x, x, w) ∈ A. Then the
image ρ(A) ⊂ J is an irreducible component of ϕ−1(x) such that (x, x) ∈ ρ(A),
where dim ρ(A) > 1. In particular, for a general point (x˜, x, w˜) ∈ A, we have
x˜ 6= x. Let M˜ := 〈 w˜xz 〉 = 〈 w˜x˜z 〉 ⊂ X . From Lemma 2.12, since two lines
〈 xz 〉, 〈 x˜z 〉 ⊂ M˜ are contracted to points under γ, we have M˜ ⊂ Xz. Set A
′ ⊂ Z1
to be the closure of the image of A under (x, p, w) 7→ w. Then Cone〈xz 〉(A
′) ⊂ Xz.
Since M = 〈wxz 〉 ⊂ Cone〈xz 〉(A
′), the assertion follows. 
2.3. Join of two varieties. In this subsection, using techniques given in §2.2, we
study a cubic hypersurface X ⊂ PN which is the join of two varieties. Our aim is
to give the following characterization.
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Theorem 2.17. Let X ⊂ PN be a cubic hypersurface such that X = Join(Z1, Z2)
for two irreducible components Z1, Z2 of Sing(X). Assume δX = 1 and assume that
X is not a cone. Then Zi is a smooth quadric hypersurface of 〈Zi 〉 = Pdim(Zi)+1
for i = 1, 2 such that Z1 ∩ Z2 = 〈Z1 〉 ∩ 〈Z2 〉 = {z0} for a point z0.
In order to use Proposition 2.15, we need to show a lemma.
Lemma 2.18. Let X = Join(Z1, Z2) ⊂ PN be as in Theorem 2.17. Assume
dim(〈Z1 〉) > dimZ1 + 1, and let z ∈ Z1 be general. Then Z1 is swept out by
Z1 ∩ TxX’s with general x ∈ Xz = Conez(Z2).
Proof. Since X is not a cone, the locus Z1 is not a linear variety. Set r = dimZ1.
Set K = TzZ1, an r-plane of PN . For general x ∈ Xz, we have K ⊂ TxX . This is
because, since x ∈ 〈 zz˜ 〉 with some z˜ ∈ Z2, it follows from Terracini’s lemma that
TxX = 〈TzZ1,Tz˜Z2 〉. Hence γ(Xz) ⊂ K∗ in (PN)∨, where dim(γ(Xz)) = N−r−2
and K∗ ≃ PN−r−1.
Claim 2.19. γ(Xz) ⊂ K
∗ is not an (N − r − 2)-plane of (PN)∨
Proof. Otherwise, we have γ(Xz) = L
∗ for some (r + 1)-plane L ⊂ PN containing
K. Since Y := ConeK(Z2) ⊂ PN is a hypersurface such that Y ∗ = γ(Xz) = L∗,
it follows that Y = Y ∗∗ = L is indeed a hyperplane. Then γ(Xz) is a point,
yielding r = N − 2. Since X = Join(Z1, Z2) = Sec(Sing(X)) by assumption, this
contradicts Proposition 2.2. 
Take a general point z′ ∈ Z1. By assumption, Z1 6⊂ 〈 z
′K 〉. Hence we have
〈 z′K 〉 6= 〈 z′′K 〉 for general z′, z′′ ∈ Z1. Let L
◦ be the set of 〈 z′K 〉 ∈ G(r+1,PN)
with general z′ ∈ Z1. Then dimL
◦ > 1.
For a curve L◦1 ⊂ L
◦, and for the closure L1 ⊂ G(r + 1,PN) of L◦1, since
K∗ =
⋃
L∈L1
L∗ in (PN)∨, and since γ(Xz) ⊂ K∗ is not contained in the finite union⋃
L∈L1\L◦1
L∗, a general point γ(x) ∈ γ(Xz) is contained in L
∗ for L = 〈 z′K 〉 ∈ L1
with some general z′ ∈ Z1, that is, z
′ ∈ TxX . 
Proof of Theorem 2.17. First we show dim(〈Zi 〉) = dim(Zi) + 1 and show that Zi
is a quadric hypersurface of 〈Zi 〉 = Pdim(Zi)+1 with i = 1, 2. It is sufficient to show
the statement for i = 1. Since Z1 is non-linear, we have dim(〈Z1 〉) > dimZ1 + 1.
Suppose that dim(〈Z1 〉) > dimZ1 + 1, and let z ∈ Z1 be general. From
Lemma 2.18, Z1 is swept out by Z1 ∩ TxX ’s with general x ∈ Xz. Take a gen-
eral w ∈ Z1 ∩ TxX . Then w is general in Z1; in particular, w /∈ Z2. From
Proposition 2.15, we have M = 〈wxz 〉 ⊂ Xz = Conez(Z2). Then we have a curve
A ⊂ Z2 such that M = Conez(A).
Let l1, l2 ∈ M = P2 be two general lines passing through z. Take a point
α1 ∈ l1∩A. Since the point α1 runs over A when l1 sweeps M , the line 〈α1w 〉 also
sweeps M . In particular, we may take x2 ∈ 〈α1w 〉∩ l2 which is general in l2. Also
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take a general point x1 ∈ l1, and a point α2 ∈ l2 ∩ A. In this setting, Terracini’s
lemma implies TxiX = 〈TzZ1,TαiZ2 〉.
Since w /∈ A, we also have M = Conew(A), which is contained in Conew(Z2).
Then 〈Tα1Z2, w 〉 = Tx2 Conew(Z2) ⊂ Tx2X . Thus Tα1Z2 ⊂ Tx2X , and then
Tx2X = 〈TzZ1,Tα1Z2 〉 = Tx1X.
It follows that 〈 zx1 〉 ∪ 〈 zx2 〉 ⊂ γ−1(γ(x1)), which contradicts that a general fiber
of γ is a line (in particular, is irreducible).
Hence dim(〈Zi 〉) = dim(Zi) + 1 for i = 1, 2. Since X is a cubic hypersurface,
we have L := 〈Z1 〉 = Sec(Z1) ⊂ X . Note that L 6⊂ Sing(X) (otherwise, X =
ConeL(Z2), a contradiction). Let y ∈ L \ Sing(X).
For general x ∈ X\TyX , takingK := 〈L, x 〉 ⊂ PN , we consider X∩K = L∪X ′,
where X ′ is a quadric hypersurface of K because of L 6⊂ Sing(X ∩K). Since
Z1 ⊂ Sing(X ∩K) = (L ∩X
′) ∪ Sing(X ′) ⊂ X ′,
we have Z1 ⊂ L∩X
′. Thus Z1 is a quadric hypersurface of L. Then Z1 is smooth
(otherwise, since Z1 is a cone, so is the join X , a contradiction).
Now we study the intersection of quadrics Z1 and Z2. Since δX = 1, it follows
dimZ1 + dimZ2 + 1 = N − 1. Since 〈Z1, Z2 〉 = PN , two linear subvarieties
〈Z1 〉, 〈Z2 〉 ⊂ PN intersect only at a point z0 ∈ PN . If z0 /∈ Z1, then Z1∩〈Z2 〉 = ∅
implies X = Join(Z1, Z2) =
⋃
z∈Z1
Conez(Z2), where we need not take the closure
of the union; in particular, since 〈Z2 〉 ∩ Conez(Z2) = Z2 for all z ∈ Z1, it follows
〈Z2 〉 6⊂ X , a contradiction. Hence z0 ∈ Z1. In the same way, z0 ∈ Z2. Therefore
the assertion follows. 
Example 2.20. Let X = Join(Q1, Q2) as in (II) of Theorem 1.1. Then X is
indeed a cubic hypersurface as follows.
Set p = dimQ1 and q = dimQ2. Then N = p+q+2. Choosing the homogeneous
coordinates [ x0 : x1 : · · · : xp : xp+1 : · · · : xp+q : y1 : y2 ] on Pp+q+2, we may assume
Q1 = (−x0y1 + x
2
1 + · · ·+ x
2
p = 0) in P
p+1 = (xp+1 = · · · = xp+q = y2 = 0),
Q2 = (−x0y2 + x
2
p+1 + · · ·+ x
2
p+q = 0) in P
q+1 = (x1 = · · · = xp = y1 = 0),
where Q1 ∩Q2 = Pp+1 ∩ Pq+1 = { (1, 0, . . . , 0) }. Then X ⊂ Pp+q+2 is defined by a
cubic homogeneous polynomial
−x0y1y2 + y1(x
2
p+1 + · · ·+ x
2
p+q) + y2(x
2
1 + · · ·+ x
2
p).
This is because, the join X is equal to the closure of the image of the morphism
Ap × Aq × A1 → Pp+q+2, which is given by
((a1, . . . , ap), (b1, . . . , bq), c)
7→ [ 1 + c : a1 : · · · : ap : cb1 : · · · : cbq : a
2
1 + · · ·+ a
2
p : c(b
2
1 + · · ·+ b
2
q) ].
CUBIC HYPERSURFACES WITH POSITIVE DUAL DEFECTS 12
Note that Sing(X) ⊂ (y1 = 0) ∪ (y2 = 0).
Remark 2.21. In the above example, the assumption of Proposition 2.15 does
not satisfied. Consider Z1 = Q1. Then for general z ∈ Q1, Xz = Conez(Q2). For
general x ∈ Xz, we have 〈Q1 〉 ∩TxX = TzQ1, and hence Q1 ∩TxX = Q1 ∩TzQ1.
Thus Q1 cannot be swept out by Q1 ∩ TxX ’s with general x ∈ Xz.
Note that Q1 ⊂ TxX for a special point x of Xz; indeed, for s := Q1 ∩Q2 and
x ∈ 〈 sz 〉 ⊂ Xz, we have 〈Q1 〉 ⊂ TxX .
Remark 2.22. Let Y ⊂ PN be a closed variety, let A ⊂ (PN)∨ be a curve, and let
A◦ ⊂ A be a non-empty open subset. Assume that Y 6⊂ H for any H ∈ A. Then
Y ⊂ PN is swept out by Y ∩H with H ∈ A◦. This is because,
⋃
H∈AH = P
N , and
Y is not contained in a union of finitely many members of A.
Remark 2.23. Let X be a cubic hypersurface with δX = 1, which is not a cone.
Assume X = Sec(Sing(X)), and let S1, . . . , Sr be the irreducible components of
Sing(X). For x, y ∈ Sing(X), since x ∈ Si and y ∈ Sj with some 1 6 i, j 6 r, we
have X =
⋃
16i 6=j6r Join(Si, Sj) ∪
⋃
16i6r Sec(Si), where the joins and secants are
irreducible varieties. Then (I) of Theorem 1.1 means that X = Sec(Si) for some i.
If X = Join(Si, Sj) for some i 6= j, then Theorem 2.17 implies the condition (II)
of Theorem 1.1.
3. Locus of intersection points of
the singular locus and general contact loci
In this section, we study the case when δX = 1 and Sec(Sing(X)) 6= X . Under
the condition, it follows κ = 1 as in Definition 2.7 and Remark 2.9. We write
Z = Z1. Our goal is to show the following result.
Theorem 3.1. Let X ⊂ PN be a cubic hypersurface with δX = 1 which is not
a cone. Assume that Sec(Sing(X)) 6= X, and take Z = Z1 ⊂ Sing(X). Then
〈Z 〉 ⊂ X.
Recall that, for the closure F ⊂ X of a general fiber of γ, it holds F ∩Sing(X) =
F ∩ Z = {z} with some z ∈ Z. In this case, we have the following statement.
Lemma 3.2. Let X ⊂ PN be a cubic hypersurface, and let F ⊂ X be a line
contracted to a point under γ such that F ∩ Sing(X) = {z}. Let s ∈ Sing(X) be a
point such that 〈 sz 〉 6⊂ Sing(X). Then F ⊂ TyX for y ∈ 〈 sz 〉 \ Sing(X).
Proof. Set M = 〈 sF 〉 ⊂ PN . If M ⊂ X , we have F ⊂ M ⊂ TyX immediately.
Assume M 6⊂ X . Then 〈 sz 〉 ∪ F ⊂ X ∩M .
We have Sing(X ∩ M) = 〈 sz 〉 and 〈 sz 〉 ∪ F = X ∩ M . Otherwise, as in
Lemma 2.10, it holds that X∩M = 〈 sz 〉∪F ∪ l and Sing(X∩M) = {w, s, F ∩ l },
where l ⊂ M is a line passing through s such that l 6= 〈 sz 〉. Let F ∩ l = {x0},
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where x0 /∈ Sing(X) by assumption. Since F is contracted to a point under γ,
we have M ⊂ Tx0X = TxX for general x ∈ F , that is, F ⊂ Sing(X ∩ M), a
contradiction. Therefore Sing(X ∩M) = 〈 sz 〉, yielding F ⊂M ⊂ TyX . 
3.1. Secant line of the singular locus. In order to show Theorem 3.1, we argue
by contradiction and suppose 〈Z 〉 6⊂ X . In this subsection, we show the following
proposition.
Proposition 3.3. Let X ⊂ PN be as the assumption of Theorem 3.1, and assume
〈Z 〉 6⊂ X. Let w ∈ Z be a general point. Then Conew(Z) ⊂ X is not contained
in Sing(X ∩ 〈Z 〉), hence, is not contained in Sing(X).
Lemma 3.4. For a linear variety P ′ ⊂ PN containing Z, the intersection X ∩ P ′
is an irreducible cubic hypersurface of P ′.
Proof. We have Z ⊂ X ∩ P ′. If X ∩ P ′ is set-theoretically equal to union of
hyperplanes Li of P
′, then Z ⊂ Li and then 〈Z 〉 ⊂ Li ⊂ X , a contradiction.
Suppose X ∩ P ′ = L ∪Q for a hyperplane L and a quadric hypersurface Q of P ′.
Then Z ⊂ Sing(X ∩P ′) = (L∩Q)∪Sing(Q). Since Z 6⊂ L, we have Z ⊂ Sing(Q).
Since Q is a quadric, the locus Sing(Q) is the vertex of the cone, in particular, is
a linear variety. Then 〈Z 〉 ⊂ Sing(Q) ⊂ X , a contradiction. Hence X ∩ P ′ is an
irreducible cubic. 
Lemma 3.5. Let z ∈ Z be a general point. Then Z is swept out by Z ∩ TxX’s
with general x ∈ Xz, where Xz ⊂ X is a cone consisting of general fibers of γ
passing through z as in Definition 2.7.
Proof. Set r = dimZ and P = 〈Z 〉 ⊂ PN . From Proposition 2.2, we may assume
r 6 N − 3. From P 6⊂ X , it follows that
Z $ Sec(Z) $ P ;
thus dimP > r+2. Suppose dimP = r+2. Then dim(Sec(Z)) = r+1. It follows
from Lemma 2.4 that Sec(Z) is a linear variety, i.e., Sec(Z) = P , a contradiction.
Hence dimP > r + 3.
On the other hand, dim(γ(Xz)) = N − r − 2 > 1. Since dim(P
∗) 6 N − r − 4,
the intersection γ(Xz) ∩ P
∗ ⊂ (PN)∨ is of codimension 2 in γ(Xz). (Note that
P ∗ = ∅ if P = PN .) We may take a curve A ⊂ γ(Xz) not intersecting P ∗. Then,
as in Remark 2.22, the locus Z is swept out by Z∩H ’s with general H ∈ A. Hence
the assertion follows. 
We take the (N − 2)-dimensional cone Cw ⊂ X and Cˆ ⊂ X
◦ × Z as in
Definition 2.13, and consider the following set,
B := { (u, w, z) ∈ X◦ × Z × Z | w ∈ TuX, γ−1(γ(u)) ∩ Sing(X) = {z} },
with the projection ρi from B to the i-th factor, where B ≃ Cˆ.
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Corollary 3.6. Let w ∈ Z be a general point. Then ρ3(ρ
−1
2 (w)) ⊂ Z is a dense
subset. Hence Z ⊂ Cw and 〈Cw 〉 = PN .
Proof. From Lemma 3.5, the projection to the second and third factors, (ρ2, ρ3) :
B◦ → Z × Z is dominant. Hence ρ3(ρ
−1
2 (w)) is dense in Z. Since γ
−1(γ(u)) ⊂ Cw
for general u ∈ Cw, it follows Z ⊂ Cw.
We have deg(Cw) > 1; otherwise, 〈Z 〉 ⊂ Cw ⊂ X , contrary to our assumption.
Suppose that there exists a hyperplane P ′ ⊂ PN such that Cw ⊂ P ′. Then Cw =
X ∩P ′ because of Lemma 3.4. Since Z ⊂ P ′, we have X ∩〈Z 〉 = X ∩P ′∩〈Z 〉 =
Cw ∩ 〈Z 〉, which is a cone with vertex w. Since w is general, it is a cone with
vertex 〈Z 〉, a contradiction. Thus 〈Cw 〉 = PN . 
Proof of Proposition 3.3. Take a general w ∈ Z. From Corollary 3.6, we have
Z ⊂ Cw. Let P := 〈Z 〉 ⊂ PN , and let CPw be an irreducible component of
Cw ∩ P containing Z, where dimC
P
w > dimP − 2. Then C
P
w1
6= CPw2 for general
w1 6= w2 ∈ Z (otherwise, C
P
w is a cone with vertex P = 〈Z 〉, which is absurd).
Thus XP := X ∩P is swept out by CPw ’s with general w ∈ Z. Let γXP : X
P 99K
P ∨ be the Gauss map of XP ⊂ P , where P ∨ = G(dimP − 1, P ) is the set of
hyperplanes of P .
Claim 3.7. Let w ∈ Z be general. Assume that 〈 uw 〉 ∩ Sing(XP ) = {w} for
general u ∈ CPw . Then γXP (〈 uw 〉) ⊂ P
∨ is of dimension 1.
Proof. Suppose that 〈 uw 〉 ⊂ XP is contracted to a point under γXP . Let S
P be
the irreducible component of Sing(XP ) containing Z. Then we have Conew(S
P ) 6⊂
Sing(XP ) (otherwise, we have Conew(S
P ) = SP , which means that SP is a cone
with vertex w; since w ∈ Z is general, it follows that SP is a cone with vertex
P = 〈Z 〉, a contradiction).
For general s ∈ SP , and for y ∈ 〈 sw 〉 \ Sing(XP ), it follows that CPw ⊂ TyX
P
as in Lemma 3.2. On the other hand, the image γXP (Conew(S
P )) ⊂ P ∨ is of
dimension > 1 (otherwise, the image is the set of a point T ∈ P ∨; then since
〈 sw 〉 ⊂ TyXP = T , we have Z ⊂ SP ⊂ T , contradicting 〈Z 〉 = P ). Therefore
taking T, T ′ ∈ γXP (Conew(S
P )), we have CPw = T ∩ T
′, which is a linear variety.
Then P = 〈Z 〉 ⊂ CPw , a contradiction. 
Now suppose 〈ww′ 〉 ⊂ Sing(XP ) for general w,w′ ∈ Z. For general u ∈ CPw ,
take the 2-plane M := 〈 uww′ 〉 ⊂ P .
If 〈 uw 〉∩Sing(XP ) 6= {w}, then M ⊂ XP (otherwise, for u˜ ∈ 〈 uw 〉∩Sing(XP )
with u˜ 6= w, we have {u˜} ∪ 〈ww′ 〉 ⊂ Sing(X ∩M), contrary to Lemma 2.10). If
〈 uw 〉 ∩ Sing(XP ) = {w}, then by the above claim, the locus Z is swept out by
Tu˜XP ’s with general u˜ ∈ 〈 uw 〉; in particular, we may take a point u˜ ∈ 〈 uw 〉 such
that w′ ∈ Tu˜X , and then M ⊂ Tu˜X . Hence M ⊂ XP .
As a result, w′ ∈ M ⊂ TuXP . Since w′ ∈ Z is general, it follows that P =
〈Z 〉 ⊂ TuXP , a contradiction. 
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Next we give the following two corollaries.
Corollary 3.8. Let w ∈ Z be general. Then Z 6⊂ T for general T ∈ γ(Conew(Z)).
Hence dim(γ(Conew(Z))) > 1, and Cw is swept out by Cw ∩ T ’s with general
T ∈ γ(Conew(Z)).
Proof. Suppose Z ⊂ TyX for general y ∈ Conew(Z). Then y ∈ Sing(X ∩ 〈Z 〉),
and hence Conew(Z) ⊂ Sing(X ∩ 〈Z 〉), contradicting Proposition 3.3. Therefore
Z 6⊂ TyX .
Suppose γ(Conew(Z)) = { T }. Then 〈ww
′ 〉 ⊂ T = TyX for general w′ ∈ Z
and y ∈ 〈ww′ 〉, which implies Z ⊂ T = TyX , a contradiction. 
Corollary 3.9. Let u ∈ Cw be general. Then Z is swept out by Tu0X’s for general
u0 ∈ 〈 uw 〉.
Proof. Note that 〈 uw 〉 ∩ Sing(X) = {w} since Sec(Sing(X)) 6= X . Let w′ ∈ Z
be general, and take y ∈ 〈ww′ 〉 \ Sing(X). We may assume u ∈ Cw \ TyX .
For M := 〈 uww′ 〉 ⊂ PN . it follows M 6⊂ X (otherwise, u ∈ M ⊂ TyX , a
contradiction). Since 〈ww′ 〉 6⊂ Sing(X ∩ M), it follows from Lemma 2.10 that
there exists a line l ⊂ X ∩ M with l 6= 〈ww′ 〉 passing through w′. For the
intersection point u0 = 〈 uw 〉 ∩ l, we have w
′ ∈ l ⊂ Tu0X . This implies the
assertion. 
3.2. Cones of codimensions one in the cubic hypersurface. Using the tan-
gent hyperplane T ∈ γ(Conew(Z)) ⊂ (PN )∨ discussed in the previous subsection,
we investigate the structure of the cone Cw of codimension one in X , and give the
proof of Theorem 3.1.
Proof of Theorem 3.1. Assume X 6= Sec(Sing(X)) and write Z = Z1 as above.
Assume 〈Z 〉 6⊂ X . Take general points w,w′ ∈ Z and set T = TyX for y ∈
〈ww′ 〉 \ Sing(X). Note that 〈ww′ 〉 ⊂ T . From Corollary 3.8, we have Z 6⊂ T .
Since Sec(Sing(X)) 6= X , we may take a non-empty open subset X◦ ⊂ X
consisting of smooth points x such that γ−1(γ(x)) ∩ Sing(X) = {z} with some
z ∈ Z.
Claim 3.10. γ(Cw ∩ T ) = γ(Cw) for general w ∈ Z.
Proof. Take F = γ−1(γ(x)) ⊂ Cw for general x ∈ γ(Cw) ∩ X
◦. Then z = F ∩
Sing(X) is a general point of Z since ρ3(ρ
−1
2 (w)) ⊂ Z is dense as in Corollary 3.6.
In particular, z /∈ T . Since F ∩ T /∈ Sing(X), we have γ(F ∩ T ) = γ(F ) ∈ (PN)∨.
Thus γ(Cw ∩ T ) = γ(Cw). 
From Corollary 3.9, we may take an open subset C◦w ⊂ Cw ∩X
◦ satisfying that,
for each u ∈ C◦w, there exists u0 ∈ 〈 uw 〉∩X
◦ such that w′ ∈ Tu0X . Let t ∈ Cw∩T
be general. Note that 〈 tw 〉 ⊂ T since w ∈ T .
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Claim 3.11. There exists t0 ∈ 〈 tw 〉 such that t0 6= w and w
′ ∈ Tt0X.
Proof. Since γ(Cw) = γ(Cw ∩ T ), the variety Cw is swept out by fibers γ−1(γ(t))’s
with general t ∈ Cw ∩ T . Then we may take u ∈ γ−1(γ(t)) ∩ C
◦
w, and take
u0 ∈ 〈 uw 〉 ∩ X
◦ such that w′ ∈ Tu0X . Let z ∈ Z be the intersection point of
γ−1(γ(u)) = γ−1(γ(t)) and Z. Since w ∈ Z∩TuX , it follows from Proposition 2.15
and Lemma 3.5 that 〈 u0z 〉 = γ−1(γ(u0)). Note that 〈 u0z 〉 ∩ Sing(X) = {z} since
u0 ∈ X
◦. For the intersection point t0 of 〈 tw 〉 and 〈 u0z 〉, we have w
′ ∈ Tt0X . 
Set M = 〈 t0ww
′ 〉. Then M ⊂ X (otherwise, y, t0, w, w
′ ∈ Sing(X ∩ M),
contrary to Lemma 2.10). In particular, w′ ∈ TtX . Hence γ(Cw ∩ T ) ⊂ w′
∗ in
(PN)∨. Since γ(Cw) = γ(Cw ∩ T ), we have γ(Cw) ⊂ w′
∗. Since w ∈ Z is general,
we have X∗ = γ(X) ⊂ w′∗, which means that X is a cone with vertex w′, a
contradiction. 
In addition, the following statement holds.
Corollary 3.12. In the setting of Theorem 3.1, if Z is of codimension 6 1 in
〈Z 〉, then 〈Z 〉 ⊂ Sing(X).
Proof. Otherwise, for general y ∈ 〈Z 〉 \ Sing(X) and z ∈ Z, since deg(Z) > 1, we
have a point z′ ∈ 〈 yz 〉∩Z with z 6= z′. By Lemma 3.2, we have Xz ⊂ TyX . Since
z is general, it follows X ⊂ TyX , a contradiction. 
4. Induction on dual defects
Let X ⊂ PN be a cubic hypersurface with δX > 0, which is not a cone. Let
γ : X 99K X∗ ⊂ PN be the Gauss map of X .
If Sec(Sing(X)) 6= X , then it follows from Remark 2.1 that the intersection
γ−1(γ(x)) ∩ Sing(X) is a (δX − 1)-plane for general x ∈ X . Let X
◦ ⊂ X be a
non-empty open subset which consists of x ∈ X satisfying the above condition.
We consider
{ (x, z) ∈ X◦ × Sing(X) | z ∈ γ−1(γ(x)) } → Sing(X),
The left hand side is irreducible, and so is the closure Z = ZX ⊂ Sing(X) of
the image of the projection. Indeed, Z is the closure of the union of γ−1(γ(x)) ∩
Sing(X)’s with general x ∈ X , and that γ−1(γ(x)) ∩ Sing(X) = γ−1(γ(x)) ∩ Z.
Note that dimZ > δX if X is not a cone. In this setting, we consider the following
condition,
(III’) Sec(Sing(X)) 6= X and 〈Z 〉 ⊂ X .
Now let us show the proposition below by induction on δX > 0, where (I) and
(II) are conditions in Theorem 1.1.
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Proposition 4.1. Let X ⊂ PN be a cubic hypersurface with δX > 0 and assume
that X is not a cone. Then one of the 3 conditions (I), (II), and (III’) holds.
Lemma 4.2. Let X ⊂ PN be a projective variety with δX > 0. Let H ⊂ PN be
a general hyperplane. Then the dual defect of X ∩H ⊂ H = PN−1 is δX − 1. In
addition, if X is not a cone, so is X ∩H.
Let x ∈ X be a general point. For a hyperplane H ⊂ PN containing x with
H 6= TxX , we set X ′ := X ∩H ⊂ H = PN−1. Then TxX ′ = TxX ∩H . Since
γ−1X (γX(x)) ∩H ⊂ γ
−1
X′ (γX′(x)).
it immediately follows δX′ > δX − 1. We have the diagram
X
γX
//❴❴❴❴ X∗

⊂ (PN)∨
pi[H]

X ′
γX′
//❴❴❴
⊂
π[H](X
∗) ⊂ (PN−1)∨,
(3)
where π[H] is the linear projection from the point [H ] ∈ (PN)∨; note that π[H]([L]) =
[L ∩H ] for [L] ∈ (PN)∨.
Proof of Lemma 4.2. Let [H ] ∈ (PN )∨ be general. Then π[H]|X∗ is birational. For
a general fiber F of γX , since dimF = δX > 0, we have F ∩ H 6= ∅; hence
γX(X
′) = X∗. Therefore X ′∗ = γX′(X
′) = π[H](X
∗), which implies δX′ = δX − 1.
Next, suppose that X ′ := X ∩ H is a cone with vertex v. Since F ∩ H is a
general fiber of γX′ , we have v ∈ F ∩H ⊂ F . Since F is a linear variety, we find
that X is a cone with vertex v. 
Proof of Proposition 4.1. We use induction on δX > 0. The case of δX = 1 follows
from Theorem 2.17, Remark 2.23, and Theorem 3.1. Let X ⊂ PN be a cubic
hypersurface with δX > 1 which is not a cone.
For general H ∈ (PN)∨ \X∗, the intersection X ∩H ⊂ H = PN−1 is irreducible
and Sing(X ∩H) = Sing(X)∩H . Let S1, . . . , Sr be the irreducible components of
Sing(X). From Lemma 4.2 and by hypothesis, X ∩H satisfies (I), (II), or (III’).
Assume that X ∩H satisfies (I). Then X ∩H = Sec(Si ∩H) for some i. Indeed,
we may take an index i0 such that X ∩H = Sec(Si0 ∩H) for general H ∈ (P
N)∨.
Then X = Sec(Si0), i.e., X also satisfies the condition (I).
Assume thatX∩H satisfies (II). Then we may take indices i1, i2 such that Si1∩H
and Si2∩H are quadrics appeared in the condition (II) for general H ∈ (P
N)∨. For
simplicity, let (i1, i2) = (1, 2). Then X = Join(S1, S2) and Sj is a smooth quadric
hypersurface of 〈Sj 〉 = PdimSj+1 with j = 1, 2. In addition, L := 〈S1 〉 ∩ 〈S2 〉 is a
line since 〈S1 〉 ∩ 〈S2 〉 ∩H is the set of a point for general H .
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Let x ∈ X be a general point with x ∈ 〈 ab 〉 for a ∈ S1 and b ∈ S2. Since TaS1
is a hyperplane of 〈S1 〉, and since TbS2 ∩ L 6= ∅, we have 〈S1 〉 ⊂ 〈TaS1,TbS2 〉 =
TxX . In the same way, 〈S2 〉 ⊂ TxX . It follows PN = TxX , a contradiction. Thus
the case does not occur for δX > 1.
Finally, assume that X ∩H satisfies (III’). We take ZX∩H ⊂ Sing(X ∩H). Then
F ′ ∩ Sing(X ∩H) = F ′ ∩ ZX∩H
for the fiber F ′ := γ−1X∩H(γX∩H(x)) at a general x ∈ X∩H . Since F
′ = γ−1(γ(x))∩
H and since H is general, we find that γ−1(γ(x)) ∩ Sing(X) is a linear variety. In
particular, Sec(Sing(X)) 6= X (see Remark 4.3 below).
We take Z = ZX ⊂ Sing(X). Since F
′∩Sing(X∩H) = γ−1(γ(x))∩Sing(X)∩H ,
we have Z ∩ H = ZX∩H . In addition, 〈Z 〉 ∩ H = 〈ZX∩H 〉 (this is because, if
〈A 〉 = Pm for a variety A, then 〈 a0, . . . , am−1 〉 = Pm−1 for general a0, . . . , am−1 ∈
A). Since 〈ZX∩H 〉 ⊂ X ∩H for general H , we have 〈Z 〉 ⊂ X . 
Remark 4.3. Assume X = Sec(Sing(X)). Let F ⊂ X be the closure of a general
fiber of γ. Taking a general x ∈ X , since x ∈ 〈 s1s2 〉 with some s1, s2 ∈ Sing(X),
we have 〈 s1s2 〉 ⊂ F by Terracini’s lemma. Hence F = Sec(F ∩Sing(X)) and that
F ∩ Sing(X) is non-linear.
This implies that if X satisfies the condition (III) of Theorem 1.1, then X 6=
Sec(Sing(X)).
Lemma 4.4. In the case of (III’) of Proposition 4.1, the locus Z cannot be a
δX-plane.
Proof. First we assume δX = 1, and show the assertion by induction on N . The
case of N = 3 follows from Remark 2.5. Assume N > 3 and suppose that Z is
a line. Let H ⊂ PN be a general hyperplane containing Z, and let X ′ = X ′H
be an irreducible component of X ∩ H containing a general point x of X . Since
dimZ∗ = N − 2, we may assume H /∈ X∗. Then
Sing(X ′) ⊂ Sing(X ∩H) = Sing(X) ∩H.
In particular, x /∈ Sing(X ′). Since γ−1(γ(x)) ⊂ X is a line such that γ−1(γ(x)) ∩
Sing(X) = {z} with some z ∈ Z, we have γ−1(γ(x)) = 〈 xz 〉 ⊂ X ′. Hence δX′ > 1.
Moreover we have:
Claim 4.5. δX′ = 1.
Proof. We consider the diagram (3). It holds dim γ(X ′) = N − 3. In addition,
we have dim π[H](γ(X
′)) = N − 3; otherwise γ(X ′) ⊂ (PN)∨ must be a cone with
vertex [H ], which does not occur since [H ] /∈ X∗. Since X ′∗ = γX′(X
′) ⊂ (PN−1)∨
is equal to π[H](γ(X
′)), we have δX′ = 1. 
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Assume that X ′ is not a cone. Then X ′ = X ∩H . For general x1, x2 ∈ X
′ with
γ−1(γ(xi)) ∩ Sing(X) = {zi}, it follows z1 6= z2. Hence the line Z = ZX coincides
with ZX′ ⊂ Sing(X
′). Then we have a contradiction by induction hypothesis.
Assume that X ′ = X ′H is a cone with vertex v = vH . Then v ∈ Z. Since X
is not a cone, we may assume vH1 6= vH2 for general H1 6= H2 ∈ Z
∗. Hence v is
general in Z. Let us take A ⊂ Z∗ to be the set of hyperplanes H ⊂ PN such that
X ′H is a cone with vertex v. Since dimA = N − 3 > 1, the hypersurface X is
swept out by X ′H with H ∈ A, which implies that X is a cone with vertex v, a
contradiction. Hence the result follows for δX = 1.
In the case of δX > 1, taking a general hyperplane of PN as in Lemma 4.2, we
have the result by induction on δX . 
Proof of Theorem 1.1. The result follows from Proposition 4.1 and Lemma 4.4. In
the case of (III’), since Z is of dimension > δX and is not a δX -plane, 〈Z 〉 ⊂ X is
of dimension > δX ; hence the condition (III) follows. 
Remark 4.6. In the case of (III’), if Z is of codimension 6 1 in 〈Z 〉, then
〈Z 〉 ⊂ X is indeed contained in Sing(X). This follows from Corollary 3.12 and
by induction on δX .
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